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We show that the physics underlying the dynamical Casimir effect may generate multipartite quantum correla-
tions. To achieve it, we propose a circuit quantum electrodynamics (cQED) scenario involving superconducting
quantum interference devices (SQUIDs), cavities, and superconducting qubits, also called artificial atoms. Our
results predict the generation of highly entangled states for two and three superconducting qubits in different
geometric configurations with realistic parameters. This proposal paves the way for a scalable method of multi-
partite entanglement generation in cavity networks through dynamical Casimir physics.
PACS numbers: 42.50.Lc, 03.67.Bg, 84.40.Az, 85.25.Cp
The phenomenon of quantum fluctuations, consisting in vir-
tual particles emerging from vacuum, is central to understand-
ing important effects in nature—for instance, the Lamb shift
of atomic spectra [1] and the anomalous magnetic moment
of the electron [2]. The appearance of a vacuum-mediated
force between two perfectly conducting plates, known as the
Casimir effect, is caused by a reduction of the density of elec-
tromagnetic modes imposed by the boundary conditions [3–
5]. This leads to a vacuum radiation pressure between the
mirrors that is lower than the pressure outside. It was also sug-
gested [6] that a mirror undergoing relativistic motion could
convert virtual into real photons. This phenomenon, denomi-
nated dynamical Casimir effect (DCE), has been observed in
recent experiments with superconducting circuits [7, 8]. In
the same manner that the Casimir effect can be understood as
a mismatch of vacuum modes in space, the kinetic counterpart
can be explained as a mismatch of vacuum modes in time.
A moving mirror modifies the mode structure of the elec-
tromagnetic vacuum. If the mirror velocity, v , is much smaller
than the speed of light, c, then the electromagnetic modes adi-
abatically adapt to the changes and no excitations occur. Oth-
erwise, if the mirror experiences relativistic motion, changes
occur nonadiabatically and the field can be excited out of the
vacuum, generating real photons. Beyond its fundamental in-
terest, it has been pointed out that the DCE provides a mech-
anism to generate quantum correlations [9–15]. In this sense,
we may consider the study of the DCE as a resource for quan-
tum networks and quantum simulations in the frame of quan-
tum technologies. In circuit quantum electrodynamics, DCE
photons have been created by modifying the boundary condi-
tion for the electromagnetic field [7]. In a similar experiment
photons have also been created by modulating the effective
speed of light [8]. Note that the emergence of the DCE physics
in a different quantum platform allows for other geometric
configurations and interaction terms, leading to a variety of
different physical conditions.
In this Letter, we investigate how to generate multipartite
entangled states of two-level systems, also referred to as quan-
tum bits (qubits), by means of varying boundary conditions in
the framework of superconducting circuits. For pedagogical
reasons, we illustrate our model with a hypothetical quantum-
optical system, shown in Fig. 1. It is composed of two cavi-
ties that are coupled to independent single qubits. These cav-
ities share a partially reflecting and transparent mirror, yield-
ing the last interaction term of Hamiltonian in Eq. (1). We
assume that the cavity-qubit coupling strength is much larger
than any decoherence rate in the system. In this context, we
introduce the key concepts allowing the generation of highly-
entangled two-qubit states, also known as Bell states [16], in
circuit QED [17–19]. Later, we will consider the generation of
tripartite entanglement [20] and the scalability aspects of our
proposal to multipartite systems (see Supplemental Material).
The Hamiltonian describing the system of Fig. 1 is com-
posed of the sum of two Jaynes-Cummings (JC) interactions
FIG. 1: Quantum optical implementation of the model of Eq. (1): two
cavities with a common partially-reflecting mirror, each one contain-
ing a two-level artificial atom in the strong-coupling regime. If the
position and/or transmission coefficient of the central mirror is time-
modulated, correlated photon pairs are generated and entanglement
is transferred to qubits via the Jaynes-Cummings interaction.
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2and a time-dependent coupling between the field quadratures,
H = ~
2∑
`=1
[
ω`a
†
`a` +
ωq`
2
σz` + g`
(
σ+` a` + σ
−
` a
†
`
)]
(1)
+ ~α(t)
(
a†1 + a1
)(
a†2 + a2
)
.
Here, a†` , a` are the creation and annihilation operators of the
bosonic modes representing the cavity fields, while σz` , σ
±
` are
the Pauli operators of qubits. The characteristic frequencies of
the two cavities are denoted by ω`, while the qubit energies are
ωq` . The parameters g` and α(t) denote the cavity-qubit and
cavity-cavity interaction strength, respectively.
In Eq. (1), the coupling between different cavity modes,
due to the overlap of their spatial distribution, is written in
its full form without performing the rotating wave approxi-
mation. While in optical cavities this overlap can be obtained
with a partially reflecting mirror [21], in circuit QED it is com-
monly implemented using capacitors or inductances shared by
two or more resonators. The boundary condition at the edge
shared by the cavities is ruled by the central mirror position
and by its reflection coefficient. Modulating these physical
quantities results in a time dependence of the cavity frequen-
cies ωi and of the coupling parameter α. When the effective
cavity length is oscillating with small deviations from its av-
erage value, we can still consider the system as a single-mode
resonator. In particular, if the cavity-cavity coupling param-
eter is a time-dependent function, α(t) = α0 cos (ωdt) with
ωd = ω1 + ω2 and α0/ωi  1, the interaction effectively
turns into a two-mode squeezing term (see below),
α(t)X1X2 → α0
2
(
a†1a
†
2 + a1a2
)
, (2)
which generates pairs of entangled photons shared by the cav-
ities. By means of the Jaynes-Cummings interaction, entan-
glement generated between cavities may be transferred to res-
onant qubits. In fact, we will prove below that, under suitably
designed conditions, maximal entanglement (Bell state) be-
tween the two qubits may be attained.
Nowadays, quantum technologies [22] offer several plat-
forms to study fundamentals and applications of quantum the-
ory. In particular, superconducting circuits technology [23,
24] is a prime candidate to implement the model of Eq. (1).
In this framework, the cavities are constituted by coplanar
waveguides, working at cryogenic temperatures, that are de-
scribed by an equivalent LC circuit, as shown in Fig. 2(a,b).
The characteristic frequency of such devices is in the 2 −
10 GHz microwave regime. Each cavity can be coupled to a
superconducting qubit built from Josephson junctions (JJs) to
access charge [25], flux [26], or phase [27] degrees of free-
dom. Specifically, we propose the use of transmon qubits
which have low sensitivity to charge noise and coherence
times well above ten µs [28–30]. The moving mirror [31, 32]
that couples both cavities (see Fig. 1) can be implemented
by means of a superconducting quantum interference device
(SQUID) [33], which behaves as a tunable inductance. A
FIG. 2: (a) The model of Fig. 1 can be implemented by means of
two coplanar waveguides, grounded through a SQUID, containing
two superconducting qubits. The blue lines represent two parallel
strip lines of isolating material, where the superconducting region
between them constitutes the coplanar waveguide. Each cavity in-
teracts with a transmon qubit that is denoted by a red dot. Different
resonator lengths result in distinct resonator frequencies. (b) Circuit
diagram for the previous scheme, where the cavities are effectively
represented by LC resonators. We assume two identical Josephson
junctions of the SQUID, while transmon qubits are constituted by
two Josephson junctions shunted by a large capacitance.
SQUID is composed of a superconducting loop interrupted
by two JJs (see Fig. 2(a)), threaded by an external flux φext.
The latter allows a fast modulation of the electrical boundary
condition of cavities and their interaction. Notice that a mod-
ulation of the magnetic flux threading the SQUID induces a
proportional variation of the effective resonator lengths, while
in the system of Fig. 1, moving the central mirror results in an
opposite change of cavity lengths.
By using off-the-shelf electronics, it is possible to pro-
duce magnetic fluxes that oscillate at the cavity character-
istic frequencies. The upper limit to the speed of modula-
tion is imposed by the SQUID plasma frequency, defined as
ωp =
1
~
√
8ECEJ , where EC is the charging energy, EJ the
Josephson energy, both associated with a single JJ belonging
to the superconducting loop. Beyond this frequency, the in-
ternal degrees of freedom of the device are activated and a
more complex behavior appears. To overcome this problem,
the external flux φext(t) injected into the device, which also
determines EJ , will be composed of the sum of a signal os-
cillating at the driving frequency ωd and a constant offset φ0,
φext(t) = φ0 + ∆φ cos (ωdt). We consider nondegenerate
resonators to avoid uncorrelated photon generation at the cav-
ity resonance frequencies, an assumption that has been con-
firmed by a detailed quantum mechanical analysis of the ef-
fective lumped circuit element in Fig. 2(b) (see Supplemental
Material).
If the instantaneous resonant frequency of a given resonator
follows the time-dependence ω(t) = ω0 + δω cos (ωdt), cav-
ity modes are well defined only under the condition δω  ω0.
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FIG. 3: (a) Concurrence and mean photon number as a function of
time in units of the cavity frequency ω1. Here, the chosen param-
eters are: ω1/2pi = 4 GHz, ω2/2pi = 5 GHz, the impedance for
both cavities is Z0 = 50Ω, and the critical current of the SQUID
junctions is IC = 1.1 µA. Such parameters result in a squeezing
parameter α0 = ω1 × 10−3. Each qubit is resonant with its cor-
responding cavity and they are coupled with the same interaction
strength g = 0.04 ω2. (b) Real and imaginary parts of the density
matrix ρ associated with the two-qubit system.
In our proposal, the frequencies of the cavity modes are ob-
tained by solving the transcendental equation kd tan (kd) =
L/Ls − Cs/C(kd)2 for the wave number k, where d is the
length of the resonator. We called Cs, Ls and C, L the ef-
fective capacitance and inductance of the SQUID and of the
resonator, respectively. Parameters used in our simulations
assure that δω/ω0 < 10−3.
In the interaction picture, the parametric processes induced
by the SQUID lead to the Hamiltonian
HId(t) = ~ cos(φext/ϕ0)
[ 2∑
`=1
α`(a`e
−iω`t + a†`e
iω`t)2
− ~α˜(a1e−iω1t + a†1eiω1t)(a2e−iω2t + a†2eiω2t)
]
,(3)
where ϕ0 = ~/2e is the reduced flux quantum, and the coef-
ficients α` and α˜ are functions of the Josephson energy (EJ ),
the junction capacitance (CJ ), the cavity parameters such as
capacitance (C`) and inductance (L`). If the parameters α`
and α˜ are much smaller than cavity frequencies ω`, we can
perform the rotating wave approximation (RWA), and so ne-
glect fast-oscillating terms in Eq. (3). In this case, if we con-
sider φext = φ0 + ∆φ cos (ωdt) with ∆φ a small flux am-
plitude, the controlling the driving frequency ωd allows to se-
lectively activate interaction terms in the system dynamics.
FIG. 4: Three coplanar waveguide resonators are connected to the
ground through a SQUID. Each resonator is coupled with a resonant
transmon qubit. This scheme allows generation of GHZ-like entan-
gled states, through a first-order process. By using this circuit design
as a building-block, it is possible to explore more complex configu-
rations and to build scalable cavity networks (see Supplemental Ma-
terial).
When the cavity is off-resonant and ωd = ω1 + ω2, the in-
teraction Hamiltonian reads as Eq. (2). Interactions among
different cavity modes, called mode mixing, are activated un-
der the frequency-matching condition ωd = ωa − ωb. Cavity
and driving frequencies can be chosen in order to make the
relevant mode interact only with off-resonance, overdamped
modes. Circuit design allows each qubit to be resonantly cou-
pled with a single cavity mode, in which activation of higher
modes due to the DCE mechanism can be neglected.
Our protocol for generating entanglement requires neither
direct [34] nor single cavity-bus mediated [35] qubit-qubit in-
teraction. Instead, it consists in cooling down the system to
its ground state, turning on the external driving flux φext and
switching it off at time tSO, when the maximal qubit entan-
glement is reached. The concurrence C is an entanglement
monotone of a given bipartite mixed state ρ, namely, the min-
imum average entanglement of an ensemble of pure states that
represents ρ. For an arbitrary two-qubit state the concurrence
reads [36] C(ρ) = max {0, λ1 − λ2 − λ3 − λ4}, where λi are
the eigenvalues, in decreasing order, of the Hermitian matrix
R =
√√
ρρ˜
√
ρ, with ρ˜ = σy ⊗ σyρ∗σy ⊗ σy .
The numerical results are shown in Fig. 3(a). An almost
maximally entangled state (C = 0.97) can be reached within
tSO ≈ 10−500 ns, that is, for a wide range of realistic sys-
tem parameters (see Supplemental Material). Such protocol
allows generation of the Bell state |ψ〉 = (|ee〉 + i|gg〉)/√2
with fidelity F = |〈ψ|ρ|ψ〉| = 0.99, with current supercon-
ducting circuits technology. The density matrix of the pro-
duced Bell state is shown in Fig. 3(b). We have also proven
that entanglement generation is robust against small imper-
fections due to limited fabrication precision and imperfect
ground state preparation. Our protocol can be implemented
in an on-chip architecture and it does not require any external
source of squeezed signals [37].
4In the framework of superconducting circuits, resonators
can be linked together in unidimensional and bidimensional
arrays to build networks of quantum cavities and supercon-
ducting devices. This enables us to envision more complex
configurations which generalize the concept of dynamical
Casimir effect to the multipartite case. Let us consider three
resonators connected to the ground via a SQUID, as shown in
Fig. 4. By injecting a fast-oscillating magnetic flux through
the SQUID results in varying boundary conditions, which
generate correlated photons pairs distributed in the three cav-
ity modes. Such a configuration has no direct analogy with
optical cavities, as opposed to the bipartite case. The Hamil-
tonian that describes the circuit of Fig. 4 is composed of three
JC interactions and three time-dependent direct couplings be-
tween the field quadratures of each resonator pair
H = ~
3∑
`=1
[
ω`a
†
`a` +
ωq`
2
σz` + g`
(
σ+` a` + σ
−
` a
†
`
)]
(4)
+ ~
∑
〈`,m〉
α`m(t)
(
a†` + a`
) (
a†m + am
)
.
If the external flux threading the SQUID is composed of three
signals oscillating at the frequencies ωd`m = ω` + ωm, we can
isolate the two-mode squeezing terms as in Eq. (2).
Generating multipartite entanglement is a challenging task,
since it requires multiqubit gates whose operation fidelity is
considerably lower than the single- or two-qubit gates.Here
we show that our protocol allows generation of genuine mul-
tipartite entanglement (GME). With GME, we refer to quan-
tum correlations which cannot be described using mixtures
of bipartite entangled states alone.The negativity [38] is an
entanglement monotone that estimates the bipartite entangle-
ment shared between two subsystems of any possible biparti-
tion, it ranges from zero for separable to 1/2 for maximally
entangled states. It is defined as N (ρ) = ||ρTA ||1−12 where||ρTA ||1 is the trace-norm of the partial transpose of the bipar-
tite mixed state ρ. Numerical results on the negativity, shown
in Fig. 5(a), indicate the generation of highly entangled states
of three qubits. Figure 5(b) shows the average photon num-
ber in each cavity. In order to prove that such state is not
biseparable, we evaluate an entanglement monotone that de-
tects only multipartite quantum correlations, called genuine
multipartite entanglement (GME) concurrence CGME . It is
obtained after an optimization process over all decompos-
able witnesses W = P + QTA , where P and Q are positive
semidefinite [39, 40]. Our results, max (CGME) ≈ 0.3, con-
firm the existence of genuine multipartite entanglement.
Finally, to identify the entanglement class of three-qubit
states, we make use of the entanglement witness [41]
WGHZ = 3/4 I−PGHZ, where PGHZ = |GHZ〉〈GHZ|. Neg-
ative values for Tr [ρWGHZ] imply that for any decomposition
ρ =
∑
j pjρj at least one ρj is a GHZ state, and so ρ be-
longs to the GHZ class. Local operations do not change the
entanglement class, it means the witness can be optimized by
minimizing Tr
[
FρF †WGHZ
]
, where F = F1⊗F2⊗F3, and
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FIG. 5: (a) Negativity of the bipartite system obtained isolating one
qubit from the set of the other two, as a function of time. Here, we
considered resonator frequencies of ω1/2pi = 3.8 GHz, ω2/2pi =
5.1 GHz and ω3/2pi = 7.5 GHz. The SQUID is identical to the
bipartite case and we use resonant qubits. The coupling parameters
are homogeneous and their bare value is given by α0 = 5 ω1×10−3.
(b) Average photon number in each cavity as a function of time. Due
to the symmetric configuration the photon distribution is the same for
the three cavities.
Fi are arbitrary single-qubit SLOCC operations. We obtained
WGHZ = −0.06, proving generation of (mixed) GHZ-like
states, which belong to the most general entanglement class
[20].
This scheme can be generalized to study entanglement gen-
eration in one- and two- dimensional cavity arrays in different
geometries. Beyond the proposed model, our results show that
superconducting circuits technology allows us to exploit the
DCE physics as a useful resource for scalable quantum infor-
mation protocols, generation of multipartite entanglement in
artificial atoms, and as a building block for microwave quan-
tum networks.
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Supplemental Material
In this supplemental material, we detail the derivation of the quantum model of the circuit design showed in Fig. 1b of the
main text, and we briefly discuss possible future development of our work. In section , we derive the full quantum Hamiltonian
that describes the bipartite configuration. In section , we show how to extend the model to the multipartite case, and how our
proposal can be used as a building block to implement highly correlated cavity networks for quantum information and quantum
simulation.
QUANTUM MODEL
In this section, we derive the quantum model of the circuit design proposed in Fig. 2(a) of the main text. We restrict to consider
the bare resonators, an effective interaction with resonant qubits can be added at the end of the derivation. Let us consider a
circuit composed of two transmission line resonators (TLS), connected to the ground through the same superconducting quantum
interference device (SQUID), as shown in Fig. 6. A SQUID is a superconducting loop interrupted by two Josephson junctions
(JJ). Here we take the two JJs that constitute the SQUID to be identical: under this assumption, the SQUID effectively behaves
as a single JJ [1], namely, as a non-linear tunable inductance shunted by a small capacitance. We also assume that the JJs are
such that their Josephson energy is much bigger than their charge energy EJ  EC . In order to write the system classical
Lagrangian, we will use a discrete description of the TLSs: each resonator will be represented by an infinite series of LC
oscillators of infinitesimal length ∆x. The system Lagrangian can be then written as
L = 1
2
∑
i
{
∆xCl0
(
ψ˙li
)2
+
1
∆xLl0
(
ψli+1 − ψli
)2}
(5)
+
1
2
∑
i
{
∆xCr0
(
ψ˙ri
)2
+
1
∆xLr0
(
ψri+1 − ψri
)2}
(6)
+
1
2
CJ
(
ψ˙J
)2
− EJ (φext)
2ϕ20
ψ2J . (7)
We defined the magnetic flux ψl/ri in the i-th inductor of the left/right resonator as the time integral of the instantaneous voltage
vi across the element: ψ
l/r
i (t) =
t∫
0
vi(τ)dτ . The capacitance and inductance per unit of length are denoted by C
l/r
0 and
6FIG. 6: Sketch of the system. Two transmission line resonators are connected to the same edge of a grounded SQUID. The SQUID low
impedance imposes a voltage node at x = 0. Each resonator is coupled with an external line (not considered here) needed for reading the
cavity.
L
l/r
0 , respectively. Variables and constants with the subscript J refer to the SQUID; notice that CJ and LJ represent the total
capacitance and inductance of the SQUID, which will be described by means of a lumped-element model also in the continuum
limit (∆x→ 0). We defined the reduced magnetic flux as ϕ0 = φ0/2pi, where φ0 is the magnetic flux quantum. The inductance
of the SQUID depends on the external flux φext threading the device: LJ =
ϕ20
EJ (φext)
, where EJ(φext) = 2EJ
∣∣∣cos(φext2ϕ0 )∣∣∣.
The Josephson energy EJ and the critical current Ic are directly related EJ = Icϕ0.
Spatial modes
In the bulk of each resonator the equation of motion is given by (for the sake of simplicity we omit the superscript l/r)
C0ψ¨i(t) =
1
∆x
{
ψi+1(t)− ψi(t)
∆xL0
− ψi(t)− ψi−1(t)
∆xL0
}
(8)
which, in the continuum limit ∆x→ 0, reduces to
ψ¨(x, t) = v
∂2
∂x2
ψ(x, t)
∣∣∣∣
x=0
where v =
1√
C0L0
. (9)
The differential equation (9) can be solved using the usual variable separation ansatz ψ(x, t) = f(x)φ(t), with f(x) =
α cos (kx) + β sin (kx), φ(t) = ae−iωt + beiωt, and ω = k/
√
L0C0. The electrical boundary conditions at the far left and
far right extremities are established by the capacitances Cf , which mediate the coupling with external transmission lines. This
capacitive coupling can be made very small and its contribution to the resonator modes is negligible. Following a standard
procedure, we will use open boundary conditions in order to evaluate the resonator modes, the interaction with the environment
can be then described by means of a small effective coupling.
∂ψl(x)
∂x
∣∣∣∣
x=−d
= 0 and
∂ψr(x)
∂x
∣∣∣∣
x=d
= 0. (10)
The equation of motion for the dynamical variable ψJ corresponds to the Kirchhoff law of current conservation at the central
node (x = 0)
CJ ψ¨
2(0, t) +
EJ (φext)
ϕ20
ψ(0, t) =
1
Ll0
∂ψl(x)
∂x
∣∣∣∣
x=o
+
1
Lr0
∂ψr(x)
∂x
∣∣∣∣
x=0
. (11)
Now, given that the resonator inductances are much bigger than the SQUID inductance LJ = ϕ20/EJ (φext), the terms on the
right side of Eq. (11) are very small compared to the inductive contribution of the SQUID. This mathematical statement has
the following physical interpretation: the SQUID is a low-impedance element, therefore most of the current coming either from
the left or from the right will flow through the SQUID directly to the ground, without crossing the other resonator. In other
words, the presence of one resonator does not perceptibly modify the mode structure of the other one, although a small inductive
7coupling between them can be introduced from Eq. (11). This allows us to define separated modes for the two resonators, which
are constrained to satisfy the boundary condition
(k d) tan (k d) =
CJ
C
(k d)
2 − L
LJ
. (12)
This equation holds for both resonators, we omitted the superscripts l/r and we defined the total capacitance C = C0 d and total
inductance L = L0 d. Notice that modifying the external flux φext results in a variation of the SQUID effective inductance LJ ,
and so in a modification of the boundary condition (12). Finally, the resonator frequencies can be found solving the differential
equations (9), being the boundary conditions given by (10) and by the solution of the transcendental equation [2] (12).
For didactical purpose, we observe that a good approximation to the resonator modes can be found assuming that at x = 0
there is a voltage node, namely ψ(0, t) = 0. Under this assumption, the system is composed of two independent λ/4 resonators
f(x) =
√
2
∑
n
sin (kn x) where kn =
pi
d
(
1
2
+ n
)
. (13)
Hamiltonian
Now, we write the system Lagrangian exploiting the stationary spatial solutions found in section . Integrating equations (5)
and (6) over the spatial degree of freedom, in the continuum limit, we obtain the Lagrangian of the free resonators
L0 =
∑
ν=l,r
∑
n
{
Cν
2
[
φ˙νn(t)
]2
− 1
Lν
[φνn(t)]
2
}
, (14)
where the index ν identifies resonator, while n runs over the spatial eigenmodes (and so, over the frequencies). We are interested
in the dynamics of two level quantum systems that are embedded in the resonators. These qubits effectively interact only with
one mode of each cavity, hence, hereafter we will restrict to consider one mode per resonator. This treatment is valid under the
condition that the oscillation of the boundary conditions do not make resonant interaction terms between the relevant mode and
the other ones.
The effective interaction between the modes φl and φr can be found isolating the variable φ(0, t) in Eq. (11) and replacing it
in the SQUID contribution to the system Lagrangian (Eq. (7))
Lint = − ϕ
2
0
EJ (φext)
{
1
Ll0
klφl(t) +
1
Lr0
krφr(t)
}2
. (15)
Now we assume that the prefactor of the previous equation is oscillating with a frequency such that only the cross-interaction term
will be relevant in the Hamiltonian dynamics. This regime is accessible when the resonators are off resonance and the difference
between their frequencies is much bigger than the coupling strength. We will show that the considered regime of parameters
allows such approximation. Defining the conjugate momentum ql/r = ∂Ltot/∂φ˙l/r, we find the system Hamiltonian
H =
∑
ν=l,r
{
1
2Cν
q2ν(t) +
ω2νCν
2
φ2ν(t)
}
− 2ϕ
2
0
EJ (φext)
ωlωr
ZlZr
φlφr, (16)
where we defined the impedance asZν =
√
Lν/Cν . Now, we perform the usual quantization process and define ladder operators
[φν , qν ] = i~ , φν =
√
~
2ωνCν
(
a†ν + aν
)
, qν = i
√
~Cνων
2
(
a†ν − aν
)
. (17)
Finally, we can write the system quantum Hamiltonian as
H/~ = ωla†l al + ωra†rar −
ϕ20
EJ (φext)
√
ωlωr
ClCr
1
ZlZr
(
a†l + al
) (
a†r + ar
)
. (18)
8Two-mode squeezing
Observe that, as stated in the main text, when the driving frequency is comparable to the SQUID plasma frequency, the device
can not be considered as a passive element and a more complex behaviour emerges. The SQUID plasma frequency is defined
as ωp =
√
1/CJLJ , so ωp becomes smaller as the external flux get closer to φext/2ϕ0 = pi/2. To overcome this problem,
we consider an external flux which is oscillating with small variation ∆ around a fixed offset φ¯. In this way, with the physical
parameters we considered, the SQUID plasma frequency is much bigger than ωd for every value of φext(t) during the time
evolution. Such condition allows us to expand the coupling parameter in the interaction term of Eq. (18)
φext
2ϕ0
= φ¯+ ∆ cos (ωdt) =⇒ 1
EJ (φext)
≈ 1
cos φ¯
+
sin φ¯
cos2 φ¯
∆ cos (ωdt). (19)
Hence, the interaction term of the system Hamiltonian can be written, in the Schro¨dinger picture, as the sum of a constant and a
time-dependent term
H/~ = ωla†l al + ωra†rar + η
(
a†l + al
) (
a†r + ar
)
+ α0
(
eiωdt + e−iωdt
) (
a†l + al
) (
a†r + ar
)
, (20)
with
η =
ϕ20
2EJ cos φ¯
√
ωlωr
ClCr
1
ZlZr
and α0 =
ϕ20
4EJ
sin φ¯
cos2 φ¯
√
ωlωr
ClCr
1
ZlZr
∆. (21)
When the detuning between the resonators is large compared to the coupling parameters η, α0  |ωl − ωr|, we can perform the
rotating wave approximation and neglect all terms that are fast-oscillating in the interaction picture. If we choose the external
driving to match the sum of the resonators frequencies ωd = ωl + ωr, the interaction Hamiltonian will reduce to a two-mode
squeezing term
H/~ = ωla†l al + ωra†rar + α0
(
e−iωdta†l a
†
r + e
iωdtalar
)
. (22)
MULTIPARTITE CASE
Consider a circuit scheme such that n resonators are connected to the ground through the same SQUID, as shown in Fig. 8(a)
for n = 4. Equation (9) still holds in the bulk of each resonator, and the boundary conditions (10) are still valid. On the other
hand, the Kirchhoff’s law of current conservation (11) must be extended to include the contribution of every branch of the circuit
CJ ψ¨
2(0, t) +
EJ (φext)
ϕ20
ψ(0, t) =
∑
ν
1
Lν0
∂ψν(x)
∂x
∣∣∣∣
x=o
. (23)
As far as the resonator inductances are much larger than the SQUID inductance, we can still treat the system as composed of
independent resonators, interacting through a small current-current coupling. In this case, resonator spatial eigenmodes can be
found following the same procedure we used in the bipartite case. Neglecting a small capacitive contribution, the term in the
Lagrangian which describes the current-current coupling can be written as
Lint = − ϕ
2
0
EJ (φext)
{∑
ν
1
Lν0
kνφl(t)
}2
. (24)
In a quantum description of such system, these interactions result in single-mode drivings and two-mode interactions between
the field quadratures
HI =
∑
ν
αν(t)
(
a†ν + aν
)2
+
∑
ν,µ
βνµ(t)
(
a†ν + aν
) (
a†µ + aµ
)
, (25)
where the parameters αν(t) and βνµ(t) depend on the external flux φext(t) threading the SQUID, and they are all small compared
to the resonator characteristic frequencies. The time-dependence of φext(t) establishes which terms of equation (25) will have a
non-negligible contribution to the system dynamics. When the external flux is given by the sum of signals oscillating at different
frequencies, with small variations ∆i, around a constant off-set φ¯
φext
2ϕ0
= φ¯+ ∆1 cos (ωd1t) + ∆2 cos (ωd2t) + . . . , (26)
9with ∆i  φ¯, we can generalize the method used in equation (26)
1
EJ (φext)
≈ 1
cos φ¯
+
sin φ¯
cos2 φ¯
∆1 cos (ωd1t) +
sin φ¯
cos2 φ¯
∆2 cos (ωd2t) + . . . (27)
Hence, controlling the external flux allows to turn on and off single- and two-mode squeezing terms, as well as linear couplings
between the resonators.
(a)
(b)
(a) (b)
FIG. 7: Tripartite setups. (a) Linear array of three resonators with near-neighbour couplings. (b) Three SQUIDs in a triangular configuration.
In this case, it is possible to control individually every current-current interaction in real time.
(a)
(b)
(a) (b)
FIG. 8: Multipartite case. Complex cavity configurations which deploy the dynamical Casimir physics in order to implement highly-
correlated quantum networks.
Outlook
Our theoretical analysis shows that fast-oscillating boundary conditions can generate a maximum entangled state of two qubits,
in a non trivial way. This result demonstrates that the dynamical Casimir effect (DCE) represents a valuable, so far overlooked
resource for quantum information science. The implementation of quantum resonators ruled by fast-oscillating boundary condi-
tions in superconducting circuits discloses the possibility of generalizing the dynamical Casimir physics to multipartite systems.
Accordingly, we have theoretically proven that the DCE allows generation of three-qubit entangled states belonging to the GHZ
class, i.e., to the most general class of genuine multipartite entanglement in the three-partite case.
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Our proposal can be used as a building block to realize more complex circuit configurations, which exploit the dynamical
Casimir physics in order to generate and distribute quantum correlations. Figure 7 shows two possible configurations of three-
cavity setups: a linear array, box (a), and a triangular configuration, box (b). In the multipartite configuration presented in the
main text (Fig. 4), two-body interactions links resonators pairwise, while the schemes of Fig. 7 lead to first-neighbour couplings.
The linear array is interesting since it can be easily scaled to higher number of resonators. The triangular configuration allows
real-time control of the inhomogeneities in the couplings, due to the presence of three SQUIDs. Notice that, in the case in which
both ends of a resonator are connected to a SQUID, the configuration of the spatial modes is such that there are voltage nodes at
both extremities. Figure 8(a) shows a direct generalization of the three-partite scheme studied in the main paper, in which four
cavities are involved. Such configuration is the most natural candidate to generate symmetric genuine multipartite entangled
states of more artificial atoms. Finally, in Fig. 8(b) it can be found an example of complex Casimir network, which shows the
flexibility of the present proposal.
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